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Separated Flow Over a Body of Revolution

F. J. Marshall* and F. D. Deffenbaught
Purdue University, West Lafayette, Ind.

A method is developed to determine the flowfield of a body of revolution in separated flow. The technique
employed is the use of the computer to integrate various solutions and solution properties of the sub-flowfields
which make up the entire flowfield without resorting to a finite difference solution to the complete Navier-
Stokes equations. The technique entails the use of the unsteady cross flow analogy and a new solution to the
required two-dimensional unsteady separated flow problem based upon an unsteady discrete-vorticity wake.
Data for the forces and moments on bodies of revolution at high angle of attack (outside the range of linear in-
viscid theories) such that the flow is substantially separated are produced which compare well with experimental
data at low speeds. In addition, three-dimensional steady separation regions and wake vortex patterns are deter-

mined.

Nomenclature

at) = radius as function of time
a = characteristics length of two dimensional un-
steady flowfield

Cp = coefficient of drag
Cun = coefficient of pitching moment about point
[0,0,22]
C, = coefficient of sectional normal force
Cy = coefficient of normal force
C, = coefficient of pressure
= maximum body diameter
D = drag
f = fineness ratio (= £/d)
Hyt) = step function (=0, t<0,=1,1>0)
£ = body length
£, = distance of vrotex from origin
(= [Xg" +y52] )
m, = location of vortex born from boundary layer
m = location of vortex born from rear shear layer
M = pitching moment
N = normal force
P = pressure
q = dynamic pressure
r = polar radius
r, = body radius
r, = vortex core radius
r = boundary-layer variable
8 = outer flow evaluated at surface
i = inner flow
- = inner flow
f = forward
r = rear
Subscripts
m = extremum
0 = stagnation point
s = separation point
k = attimef,
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5] = point vortex 3

s = freestream value
r,0,t = partial derivatives
Miscellaneous

= three-dimensional steady flow (in con-
tradistinction to two dimensional unsteady
flow)
d()/dt

[l

numerical integration parameters
Re ;pg = Reynolds number, three dimensional steady
(=VL&/y)

Repus = Reynolds number, two dimensional unsteady
(=Ud/v)

= time

= frontal area

= Vsina

= freestream velocity

= Vcosu

Cartesian velocity components

polar velocity components

, 2,1 ] = coordinates

= angle of attack

circulation

1/(Re 5pus) ™

= polar angle

moment arm coefficient (0=<A<1)

kinematic viscosity

density

= wall shear stress

potential function

stream function

= vorticity
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Superscripts

*

= dimensional
= outer flow

Introduction

HE objective of the present work is to develop a
numerical computation method to determine the flow-
field of a body of revolution in steady, high Reynolds’ num-
ber, separated flow (e.g., a body at high angle of attack), in-
cluding the prediction of forces and moments. For flowfields
in which separation must be taken into account, the assump-
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tions of inviscid flow and linearized theory are invalid and the
only general theoretical approach is to solve the Navier-Stokes
equations in finite-difference form by means of a computer.
However, this approach is not capable, to date, of dealing
with such a complete problem. (In recent symposia'? this
problem is not treated). In this work it is intended to approach
the problem of separated flow by a more phenomenological
approach: the integration of known solutions and solution
properties employing a computer without any a priori
knowledge of the flowfield required.

Two particular techniques are employed. The first is the un-
steady cross flow analogy (or viscous cross flow analogy or
impulse flow analogy), which is based up the assunption of an
equivalence between three-dimensional steady flow and two-
dimensional unsteady flow. This assumption is a heuristic one
based primarily upon experimental data. With this technique,
the three-dimensional steady separated flow problem is
reduced to a two-dimensional unsteady separated flow
problem. The second technique, applicable to the latter
problem, is based upon the assumption that the two dimen-
sional unsteady wake can be described by a distribution of in-
viscid point vortices, originating from the separation of shear
layers, superimposed on the unseparated potential flow
solution, These point vortices are modified by diffusion.

This approach then entails the solutions to two distinct
problems. The background and analysis for each are presen-
ted in the following two sections. The combined theory is then
applied to bodies of revolution at angle of attack. Results for
the normal force, pitching moment, separation regions, and
vortex wake patterns are compared with experimental data.

Unsteady Cross Flow

The basic problem is to determine the flowfield and to
predict the forces and moments on a three-dimensional body
in a steady uniform flow at an angle of attack, « , of arbitrary
magnitude such that the flow may be separated. The body
shape is given by the radial distribution r,(2) over a length, £.
The freestream speed is Vwith components along and normal
to the axis of symmetry, W=V cos o and U= Vsin «, respec-
tively. The Reynolds’ numbers Re;pg= V£/v. This problem is
approached by using the unsteady cross flow analogy applied
to a body of revolution. The essence of this technique is found
in applying the (dimensional) transformation [X*, y*, Z*,
*] = [x*, y*, z¥+ Wr*, r*] and considering the flowfield in
the plane z* =0 (see Fig. 1). In this plane, the flow field is that
induced by a circular cylinder of time-varying radius
(correlated with the thickness distribution of the body) in a
uniform, viscous, incompressible freestream of velocity U=V
sin «. Information available from the relatively simpler two-
dimensional unsteady flow is thus applicable to the three-
dimensional steady flowfield. In particular, the two-
dimensional unsteady drag distribution with time is trans-
formed to the longitudinal normal force distribution of the
three-dimensional steady flowfield yielding the normal force
and pitching moment on the given body at angle of attack.

While the unsteady cross-flow appears to be the only
technique available for the determination of forces on three-
dimensional bodies in separated flows, it must be viewed as
quasi-empirical since there exists no general transformation
between the two-dimensional unsteady and the three-
dimensional steady Navier-Stokes equations (Ref. 3, p. 415
and Ref. 5, p. 464). From a theoretical point of view there
exist unresolved questions since the use of the unsteady cross
flow concept implies no upstream influence in the three-
dimensional steady flowfield which does not hold in separated
subsonic flow * nor in separated supersonic flow. [In the later
case, hyperbolicity exists in the unseparated domain but not in
the wake.] Its use also implies that a steady three-dimensional
turbulent boundary layer is describable by a two-dimensional
unsteady laminar or turbulent boundary layer with the
corresponding separation regions correlated. The physics of
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Fig.1 Coordinate systems of transformation.

this point are obscure,? further complicated by the scale ef-
fect in experimental data.® In this work, following the ob-
jective of not requiring empirical input, two-dimensional un-
steady laminar boundary layers have been used as indicated
by the cross-flow Reynolds number of the test cases and the
resulting separation region is carried over to the three-
dimensional body by means of the transformations given
next. Since the present program has only laminar boundary-
layer capability, the method is confined to cross-flow
Reynolds numbers <107

In this context then, it is not surprising that in past work
employing the unsteady cross flow analogy, """ the correlation
between the three-dimensional steady and two-dimensional
unsteady flow has been achieved in various ways, often
requiring ad hoc experimental data. An early attempt at
providing theoretical justification for the unsteady cross-flow
analogy was made in Ref. 18 in which the boundary layer was
treated rigorously. However, it was found that the difficulties
involved in the separation region were dominant.

Transformations

The particular form of the unsteady cross-flow analogy
used in the present work is given by the following geometry
and force transformations between three-dimensional steady
and two-dimensional unsteady flows. It is to be noted that
these transformations are direct ones, assuming no further
knowledge of the flowfields and requiring no empirical data.

Given the three-dimensional steady flowfield, the geometry
transformation is obtained as follows: if a velocity W=V cos
« 18 superimposed on the steady three-dimensional flowfield,
the flowfield of Fig. 1a results. Then if attention is confined
to the plane £*=0, an unsteady two-dimensional flowfield
about a body whose radius changes with time with a constant
velocity at infinity results. The goemetry transformation is
then, in non-dimensional form,

a(t)=(d/2a)r (?), t =(df/@) {tan «

0=7<1;0<t=<(df/d)tan o 1)
where r_-a3/d, $=2*/£, t=Ur*/G=r*(V/ad) sin «, f=£/d
and 4 an average radius in the two-dimensional unsteady
problem.

The force transformation is given by equating the normal
force distribution along the body, dN/dZ*, to the drag in-
duced in the two-dimensional unsteady flow problem, Dy,
with equal freestream conditions and employing the above
geometry transformation. In non-dimensional form this is
(with p*, =p*. and p*. =p*. ,

¢, ()= Ra/d)sin?aCp (1), Re;ps = (fd/a sin a)Re,pys  (2)

where
. 2dN/dz*
= 3
¢, (2) 2V2d 3
2D(t*) 1 82"
Cp(t) U7 26) 7 Y, Cpcos )

1 2

7 S()TSIH@G(f)dG (4)
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in which C =2Q2p* —p*.)/pU? and 7=27%/pU? the non-
dimensional wall stress. This transformation ignores
longitudinal shear stresses which for aerodynamic shapes
(such that f=£/d> >1) should contribute little to normal
forces and pitching moment.

With Cp(t) available from the two-dimensional unsteady
problem and c¢,(Z) available from the above force trans-
formation, the normal force and pitching moment about a
point [X, 7,21 =[0,0,\] are obtained as follows:

!

Cy=wim | e, @z ©)

7

Cyr= (4f/7) Sr) [Z+ (ro/4f?)
dry/dZ]c, (8)di+NC ©)

such that N=C,pV?S/2 and M, =C,,,pV?25£/2 with fron-
tal area S. Equations (5) and (6) are exact expressions for the
normal force and pitching moment on an arbitrary body due
to an arbitrary pressure distribution. (The inclusion of only
cross-flow plane shear stresses would render them as ap-
proximations to equations with pressure and shear stresses but
the contribution of cross-flow stresses to C (¢ in Eq. (3), and
hence to ¢, (Z) in Eq. (2), is negligible). The expression for the
pitching moment coefficient includes moment arms along
the Z and £ axes. The resulting ¢,, Cy, and C,,, are then
compared with experimental data.

Two-Dimensional Unsteady Separated Flow

The problem is to find the flowfield induced by a circular
cylinder of time-varying radius in a uniform stream of a
viscous incompressible fluid (Fig. 1b). The flowfield is that of
a uniform flow with no body present for t<0. At r=0 a cir-
cular body appears at the origin with a radius a(z) such that
a(0)=0. During the initial stages a boundary layer (assumed
to be laminar) is formed on the circular cylinder. At later
times the boundary layer separates from the cylinder, creating
vorticity in the flowfield immediately past the cylinder of
time-varying radius. Thus a wake is formed which correspon-
ds to the lee-side separation of three-dimensional flow.

In previous work employing the unsteady cross flow with a
body of revolution,’ ! the two-dimensional unsteady solution
was derived from a direct use of experimental data or the use
of inviscid solutions with ad hoc experimental data to describe
the viscous effects. Of note is the work of Ref. 11 which used
the finite difference approach for the two-dimensional un-
steady problem. These solutions are a generalization of the
class of solutions arising from the problem of a body of con-
stant radius impulsively started from rest, a classical problem
in separated flow.! In these solutions the long-time behavior
is of primary interest while for the use of the cross-flow
analogy, the short-time behavior is required. For the con-
stant-radius problem there are solutions to the finite dif-
ference Navier-Stokes equations?® and purely inviscid
solutions®!® requiring empiricism for separation
phenomena.

The approach in the present work is to obtain a solution to
the problem involving a time-varying radius cylinder which
includes viscous effects (the primary mechanism being the
separation of the unsteady boundary layer) without the need
for empirical data nor resorting to a complete finite difference
solution to the Navier-Stokes equation. The basic assumption
is that the wake can be described by a distribution of inviscid
point vortices born at shear layer separation points, superim-
posed on the potential flow and modified by diffusive effects.
This assumption follows the physics of the time evolution of
the wake. Such an approach can employ known potential
solutions and known techniques for integration of boundary-
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layer equations interrelated by wake physics. The method is as
follows: the solution at early times (sometimes referred to as
the cone problem) will be approximated by the small time
analytical solution (since numerical integration follows, an
analytical solution is required for initial conditions) for a cir-
cular cylinder of constant radius impulsively started from rest
in a viscous incompressible fluid.?! The solutions for the
laminar boundary layer on an expanding-contracting cylinder
for later times are then obtained by numerical integration of
the boundary-layer equations employing a modification of
Hall’s scheme.?? With succeeding times, the boundary layer
separates starting at the rear stagnation point and the point of
separation moves upstream. At the point of separation, the
vorticity flux across the boundary layer is found and during a
time At, corresponding to the time of integration of the boun-
dary layer, this flux is summed up and represented by a point
vortex. This point vortex is convected downstream and its ef-
fect is modified by diffusion. Thus, the wake is formed of
these point vortices superimposed on the original potential
flow. The wake grows, being continually fed with vorticity by
the separating boundary layer, while outside of the wake and
the boundary layer, irrotational flow exists.

It is to be noted that the no-slip condition is satisfied on the
portion of the cylinder covered by the boundary layer but not
on the remaining portion. The wake model as depicted while
reducing the surface speed of potential flow is not sufficient
to yield a surface speed sufficiently less than freestream speed
to approximate to a no-slip condition. Thus a shear layer on
the rear of the cylinder, similar to a boundary layer but with a
rotational outer flow will be introduced to satisfy the no-slip
condition. This rear shear layer may separate, creating vor-
ticity in the wake of the sign opposite to that shed by the
boundary-layer separation.

With this approach the flowfield is decomposed into a set
of sub-flowfields and their interactions. The governing
equations and their solution are given in the following.

QOuter Flow

The flow outside the boundary layer-rear shear layer is
assumed to be the unsteady classical potential flow (uniform
flow and source and double at origin) over a cylinder with
time dependent radius plus the potential flow induced by a set
of point vortices.

In terms of the non-dimensional quantities [x,y,¢]=
[x*/a,y*/a, Ur</dal, r=r*/a*, ® + i ¥= (®* + i¥*)/
Ud, w=daw*/U, T'=I*/Ua, the equations for the outer flow
are

DE AY (x,y,1)=w (X, ,1)
ICt=0¥=y M
BC Ijr=a(t):¥ = —aab

2)r— oo ¥—y

where w(xy,0)=Y Td(x—x5)0(—»;),
3

(6 being the delta function) such that

H wdS=y Tg.
) 8

The w (x,¥,t) arises from vorticity created by the separation of
the boundary and rear shear layers.
The solution is

aZ
w=q+iV=z+ — —adlogz +
F4

. r
i Z 2f log
8

(z—25)2
(Z_a225/|25 |2)Z@

®
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where
z=x+iy=re
Zp=Xpg+iys=Lze%
Z—Z,g=(X—x5)+i(y—y5)=r,5ei913
a‘zg a’xg
iz;12 22
28 B
2

azyg .
— 8
£2 1=rype®2s

+i{y—

such that when

lzl=a,ry=ar,;;/Lsand ¥=0
Then

—— ==+ =e (= +iu°) ©)

From the Bernoulli equation

u°?+v°2

-®, , + +p/2=1(1) (10)

the coefficient of pressure on the surface is

C,=p—p.=4acos §—~2 Y, (s/27)
B

O15026)1 oo — @72 +¥7)

_[2% (aa)(log a—1lim log r] —1} 1

r— ®

The bracketed term includes a logarithmic singularity. This is
a reflection of the fact that the pressure waves emanating
from the changing radius travel with an infinite propagation
speed in incompressible flow, thus precluding a constant
freestream pressure. This term is independent of 6, however,
and does not contribute to drag. It must be considered an ar-
bitrary additive constant in the pressure distribution and so
the theory is confined to qualitative predictions of pressure
distribution.

Boundary Layer

A finite difference solution is used for the boundary-layer
region on an expanding-contracting cylinder. The solution
technique entails the derivation of the pertinent boundary-
layer equations and a transformation to a form of the
equations such that the Hall method (Ref. 22) is applicable.
The unsteady two-dimensional Navier-Stokes equations in
polar coordinates are (nondimensionalizing as in the outer
flow and with 7=27*/pU?)

DE (rv)ar + u;g :0
r r
Du uv Do 5 2v,,
= L SN 12
Dt + r 2r +orlLlul+ r? ] (122)
Dv u? D, 2u, 4
—- = 22 4 s2[L[v] - 2%
Dt r 2 +or[Lv] r
D Ll( )’9
h — =)t —— 4v(),,
where - () p v( )
L[ ]= ( )’"+ ( )5r + (2) + ( );06
r r r
ICt=t,>0; u=f(r,0),v=g(0) (12b)
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and boundary conditions at the surface
BCr=a(t)u=0,v=a (12¢)
Defining the inner variables

N r—a(t)

[u,v]=[u, (v—aal/r)/6],[8,r,{]=16, 5 L] 13)

substituting into Egs. (36), letting 6—0, one obtains the
(laminar) boundary-layer equations.

U, g -
DE +v, =0
a

L T A LR
0=—p, 5 0= 6 7=28U, (142)
with
IC t=tyu=f (r,0),v=g’ (r,0) (14b)
BCl) r=0u=v=0
BC2) r— o :u—us(f,r) (14¢)

BC 2) being derived from the matching concept.
As such, the Hall scheme of integration is not applicable. If
the transformation is made,

a‘

wi=au, vi=v— —r (15)
a
then the problem is
Lli,g R a'
DE —2'— 4vi, ;== —
a a
utul’ -
ui, ,+ ; ! +viui, /= (aug), ¢+
a
(aug),q +ul, -
a?
ul, - 26ul, -
w= ——————, T= (16a)
ad a
IC t=t,ui=f"(r,0),vi=g"(r,0) (16b)

BC 1) r=0:u'=vi=0

BC2)r— o :ui—au-°(0,t) (16¢)

where p, s has been evaluated at r— « by virtue of p, =0.

Except for the source term ‘‘@/a’’ in the continuity equation
and the factor ‘‘1/¢%” multiplying the ( ),, terms, the form
of the equation is identical with the classical equations. Thus
modifying the Hall method by the inclusion of a source term,
modifying finite difference in , terms by the factor 1/a%(?),
and giving u(r,0, f)=0 at the stagnation point, the Hall
scheme is applicable. (In the numerical integration, Ar=0.14,
Ar=0.125,1° < A#=<5°, were used).

Boundary-Layer Separation

The separation point was determined as the value of =0,
one grid point upstream of the # at which 7<0. This is the
steady-state criterion, used in lieu of a definitive criterion for
unsteady flow.?
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VYortex Birth

At each step, £,, of numerical integration of the boundary
layer, a point vortex of strength, I, (and its images), labeled
B=k is born. The label 8 is then fixed for succeeding times.
With the vortex flux at the separation point

1‘,,(:@:80 U, Al du=us?/2 a7

by virtue of no-slip, where u is the instantaneous velocity
profile in the boundary layer determining vortex flux,

Dol g =T, (0p)AL Ut =1 =1 (18)

For the just born vortex to satyisfy no-slip, it is located at
[a+m,, 0] where

mp=ITg/mlugOu)) = Wsug (9, )1Ar, /27 9

where | u3(8 ;) lis due to the outer flow minus the just born
vortex.

Alternatively, if m_ is found from the first moment of
the vorticity, Eq. (19) determines the A7, of the numerical in-
tegration. However this yields unnecessarily small values of
At,. For computation Af, was chosen such that the Hall
scheme is workable and Eq. (19) yielded m, <0.la (.e.,
within the boundary layer).

Rear Shear Layer

The mathematical model described so far leaves the
satisfaction of the no-slip condition at the rear of the cylinder
in the absence of the boundary layer (i.e., where the
separation point is upstream) to the velocity induced by the
array of free shed point vortices. These induce a velocity on
the surface counter to that given by uniform flow over a cylin-
der. However, the counter-velocity sometimes exceeds the lat-
ter velocity and the no-slip condition is not satisfied.

To account for the no-slip condition, a rear shear layer is
introduced. The rear shear layer is similar to a boundary layer
except that the outer flow is rotational. Since there is no
theory for such a rear shear layer (time-dependent) and since
its prime contribution is the production of vorticity, then it is
postulated: a) there exists a rear shear layer when lu° [>0.1;
b) the separation point of rear shear layer is given as a func-
tion of the boundary-layer separation point location by means
of the following:

616,
0o —0

L 20
= o0, 20

Physically, this states that the rear shear layer can exist over
the same fraction of a region of adverse pressure gradient
without separation that the boundary layer could. Thus the
location of the separation region of the rear shear layer is
primarily a function of the boundary-layer separation
location.

Point vortices are born from the rear shear layer as from
the boundary layer [Egs. (17-19)]. Now with this algorithm,
the rear shear layer separation point may oscillate (as opposed
to the monotonic behavior of the boundary-layer separation
point). Thus a point vortex may be born at one instant but be
recovered by the shear layer before it enters the outer flow. To
take this behavior into account the condition was made that
vortices are born only when the separation point is stationary
or moving downstream. In addition, since the strengths are
small, N point vortices are lumped together where N<5 and
the total strength <0.1.

Convection
Each point vortex is then convected by the outer flow such
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that
—z_ﬁk-f-lz_z—[3k+Atde/dz(ZBk)tk) 21

where Z=x-iy and dw/dz is the complex velocity of the outer
flow minus that due to the point vortex at z ,,.

Diffusion

For point vortices as given by inviscid theory the induced
velocity distribution is I'/2xr, r>0 and zero for r=0, where r
is the distance from the point vortex. Such a velocity
distribution could induce local high velocities for small r as
when a point vortex lies close to the surface or two point vor-
tices are close. While such peaks have been found ex-
perimentally, their small scale is incompatible with this
mathematical model (particularly with the approximation em-
ployed in convection). To remove such behavior, diffusive ef-
fects are taken into consideration in the following way:
following Ref. 24, consider a stationary isolated vortex born
at =0 as a point vortex in a viscous fluid. Its induced velocity
field is

u(r,ty=(Lp/27wr)[ I —exp (—Repysr?/4t))] 22)

where I'_ is its initial strength. This has a maximum at r=r ()
where

re(t)= (5.04tRe p 5 ) ™ (23)

such that for r>r, the velocity distribution for an inviscid
point vortex of constant strength is closely approximated. To
minimize computation time, inviscid point vortices of con-
stant strength are employed with induced velocity
distributions of

u=0;r<r.=T/27r;r>r. (24)

with r.=0.05, an average value for values of Re,ps used in
the applications. Such an approach is compatible with the
convection approximation which entails errors of O[(A 3] in
the displacement.

The cut-off radius is applied as follows: in the velocity ex-
pressions obtained from Egs. (18) and (9), r; and r,; occur in
the denominator. Then r,.is used as, withi=1,2

Fig= @ Fig<Ie =TigFig=T (25)

Coalescence

Since the number of point vortices grows with time with
consequent increase in computation time, the number of vor-
tices is reduced at certain times by means of coalescing pairs
of vortices into one vortex. The strength of the new vortex is
the algebraic sum of the strengths of the coalesced vortices
and its position is the arithmetic average, weighted by ab-
solute strengths, of the coalesced vortices.

Stability

It is known that symmetric arrays of point vortices are un-
stable and that a perturbation is required in the symmetrical
array such that a stable asymmetric array can be attained. A
number of runs were made for cylinders of constant radius
and time-varying radius with perturbations inserted at early
times and it was observed that the model is capable of yielding
realistic asymmetric wakes. However, the degree of asym-
metry grows slowly with time such that for the particular ap-
plications of the theory in this work, in which angles of attack
and fineness ratios were moderate, the assumption of sym-
metric wakes was made.

This places a limitation on the angle of attack and fineness
ratio for the application of the theory as is. However, the in-
clusion of asymmetric wakes is easily accomplished but with
consequent increase in computer cost. The theory in this ex-
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tended state would then be applicable to larger angles of at-
tack and fineness ratios® but there is an upper bound to such
generalizations since the direct use of the cross-flow analogy
cannot be extended to the case of a three dimensional body
traveling at constant speed but with a time-varying wake, a
four-dimensional probiem.

Drag

At representative times, the drag is computed in Eq. (4).
The pressure is obtained from the Bernoulli equation, Eq. (11)
and the shear stress from the boundary-layer solution
7=280, -=25i (AF,0,1)/ AF by virtue of the no-slip condition.

Within a completely inviscid model and a fixed geometry,
the drag may be obtained using the vortex-impulse concept or
Lagally’s theorem. However, drag is obtained herein by
pressure and shear integration since the wake model, while
primarily inviscid, does have diffusive effects and, more im-
portantly, the surface pressures are of interest in establishing
the equivalence property. Computational times are of the
same order.

Results and Discussion

The theory has been applied to an ellipsoid of revolution,
an ogive-cylinder, and, to a lesser extent, to a Haack-Adams
body. The case of the ellipsoid of revolution will be dealt with
at length (for ogive-cylinder results, see Refs. 25 and 26) since
this presents a severe test because the geometry is that of a
closed-ended body such that for all angles of attack, there
may not exist any unseparated boundary layer on the aft end
even on the windward meridian. The theory as presented so
far does not cover this eventuality (although it may easily be
extended). However, even without this specific capability,
meaningful results can be obtained. Also, inviscid theory
yields C ,,=0.

In Ref. 27, the pressure distribution, normal forces, and
moments for an ellipsoid of revolution of fineness ratio f=4
were obtained at Mach number <0.1 and Re,, =4.97x10°
over an angle-of-attack range 0<«<20°. No information on
the state of the boundary layer was given. The maximum
Re s =16.5%10% at «=20°. The & chosen was taken to
be (1/£) 1\ §r,* (z*) dZ*, an average radius.

The basic result for the ellipsoid, the comparison of the
values obtained by this technique and inviscid theory with ex-
perimental data for the normal force and pitching moment
about the midpoint are presented in Fig. 2. In this case the im-
provement of this technique over inviscid theory (C . =0) is
marked.

The curves of Fig. 2 are a result of the integration of the
section normal force coefficient ¢ (£ ) over Z. One integrand,
¢ (2, o)is presented in Fig.3 as a function of the axial stationZ
at o=20°. Interpreting these curves as integrands, attention
has to be paid to the behavior in the neighborhood of the
base. In this region, there is no boundary layer; the tail lies
within the wake. As noted earlier the theory as developed thus
far does not handle this situation although the extension can
easily be made. And before the computations reach the sec-
tion of no boundary layer, the radius a(z) may change rapidly
(for such a closed-ended body as the ellipsoid) such that very
fine integration meshes are required with consequent increase
in computer time. Furthermore, the basic assumptions of the
two-dimensional unsteady boundary-layer solution technique
may fail, particularly with regard to the property of no
pressure change across the boundary-layer and longitudinal
effects would enter.

In lieu of increasing the complexity of the technique, com-
putation was formally stopped at £=0.9=2, and a straight
line drawn to complete the curve at (c,.2)=1(0,1.0),
a theoretically exact point. Fig. 3 shows the differences in
behavior for two stopping stations Z,=0.9 and 1.0. The latter
value, in both cases, departs from the experimental data.

Figure 4 depicts the regions of separation of a three dimen-
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Fig.3 Normal force distribution on ellipsoid, o = 20°.

sional steady flowfield as determined by this theory compared
with that determined by a finite difference solution.?® The
agreement is fairly good. Of note are the divergences on the
aft windward region but in this region, the particular behavior
determined by means of this technique agrees with ex-
perimental data.?® These results may be fortuitous since the
implication is that the separation of a three dimensional
(probably) turbulent boundary layer is describable by a two-
dimensional unsteady laminar boundary layer, as discussed
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Fig.5 Cross wake pattern on ellipsoid, £=0.863, «=20°.

earlier. No attempt was made to compute other boundary-
layer properties such as thickness.

Figure 5 shows the cross wake vortex pattern at Z=0.863
and «=20° in terms of a set of directed line segments. The
position of a point vortex at that axial station or time is given
by the foot of the line segment and its position at the suc-
ceeding axial station or time is given by the head of the line
segment. Thus the distribution of vorticity is indicated (only
by the presence or absence of vorticity) and since the point
vortices are convected with the flow, a partial stream line pat-
tern is given.

The ogive-cylinder application® was for a Mach number =
0.3 and 0 <« < 24. For this case, theoretical and experimental
data¥ (also obtained at Purdue University) agreed if a 40%
reduction in wake vortex strength was imposed.® This is
believed to be due to the geometrical end conditon. Thus, it is
recommended that for furture applications, vortex strengths
be multiplied by a factor, o, given by

0=1.0-0.8r,(0/d (26)

(a linear fit over the two test cases).

In addition, a Haack-Adams body with Mach numbers 1.5
and 3.97 over a small a-range, 0<a<10° was treated.?
(These runs were performed by E. J. Landrum at NASA-
Langley.) Partial success was achieved at the lower Mach
number (and o=1, reflecting wave drag) but theoretical
values were low at the higher Mach number.

As a result of these test cases, it is recommended that ap-
plication of this theory, with asymmetric wake capability, be
limited to angles of attack less than 40° and Mach numbers
(freestream, not cross flow) less than 0.8.¢ However, fuller
substantiation of this recommendation would require further
testing, particularly regarding the wake vortex strength reduc-
tion factor.

Computation Times

The time for computing the forces and moments on an ellip-
soid of revolution at an angle of attack of 20° on a CDC 6500
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at Purdue University was 15.7 minutes. Since the time is
proportional to (df/4) tan a=2ftan «, approximate times for
other bodies and angles of attack can be found. It is believed
that substantial reductions in computational times can be
made particularly in the area of wake modeling. However, at
the present stage, the times are well below those of finite dif-
ference solutions.

Conclusions

A method has been developed to determine the forces and
moment on a body of revolution in separated flow. The
method requires no a priori knowledge of the flowfield.
(Although the method used in the test cases assumed sym-
metric wakes, extension to asymmetric wakes is easily ac-
complished.) One empirica! factor, a function of body
geometry, Eq. (26), was used. Results for the forces, mo-
ments, and separation regions compare well with ex-
perimental data for moderate angles-of-attack o<25°,
moderate fineness ratios f<11{ low Mach numbers, and
moderate cross-flow Reynolds numbers, Re s <105.

The problem approached by the present theory is a complex
one. To categorize all the pertinent flow phenomena is a dif-
ficult task, particularly since experimentation may introduce
new parameters (e.g., scale effect). Possibly the best attempt
in this direction is that of Ref. 6 and in the context of that sur-
vey and the results obtained it is recommended that further
testing and applications of the theory, with Eq. (26) and ex-
tended to the asymmetric wake capability, be confined to
a<40°, f<12, Mach numbers <«<0.8, and cross-flow
Reynolds numbers, Re ,pys <105

In the context of this theory employing the cross flow
analogy directly with no a priori flowfield properties
required, it has been seen that the analogy is relevant but not
sufficient. Thus, the unsteady cross-flow analogy is deemed a
worthwhile approach to a complex problem, aided by ef-
ficient use of the computer. In addition there is the potential
of such solutions, to bring about further physical un-
derstanding of the flow phenomena with consequent new
analytic solutions.
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